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Nuclear magnetic relaxation ( N M R ) in a gas of regular (tetrahedral and octahedral) molecules 
f rom the point of view of the kinetic theory of transport and relaxation processes based on the 
Waldmann-Snider equation is considered. A simple expression is obtained for the spin-rotation in-
teraction based on considerations of the molecular symmetry. The form of the spin-rotation coupling 
which contains, in addition to the so-called "sca lar" coupling constant, also a scalar anisotropy 
part, Ac, of the spin-rotation coupling tensor determines, along with the collision operator, the form 
to be taken by an expansion of the nonequilibrium part of the distribution function-density matrix 
of the gas. Solutions of the set of coupled differential equations which fo l low upon application of 
the moment method to the linearized Waldmann-Snider equation lead to the Bloch equations which 
define the "spin-lattice" and transverse relaxation times in the gas. Those obtained here are com-
parable with those obtained using correlation function theory. However, in this work, due to ex-
plicit consideration of the molecular symmetry, it is shown that the "e f fect ive" spin-rotation cou-
pling coefficient found in tetrahedral and octahedral molecules is not the same and depends in a 
simple way on the number of equivalent spins in the molecule. 

1. Introduction 

Traditionally, the theoretical treatment of nuclear 
magnetic relaxation (NMR) in fluids has utilized 
the correlation function approach. This procedure 
has been remarkably successful in describing the 
various relaxation processes occurring in these me-
dia. Of particular interest has been the studies of 
N M R in polyatomic fluids conducted by B L O O M , 

H U B B A R D , R A M S A Y , W A U G H and their co-workers 
and by T W A R D and A R M S T R O N G . The correlation 
function approach has recently been extensively re-
viewed by B L O O M and O P P E N H E I M 1 and by G O R -

D O N 2 . 

In the past few years there has been a growing 
interest in an alternative theoretical approach to 
NMR in fluids, conveniently referred to as the kin-
etic equation approach (KEA). As is apparent from 
the foregoing sentence, the KEA involves starting 
from a proper kinetic equation; for gases, the equa-
tion appropriate to NMR calculations is that of 
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W A L D M A N N 3 and S N I D E R 4 . Application of this 
Waldmann-Snider equation to spin relaxation pro-
cesses has been considered by W A L D M A N N 5 , by 
C H E N and S N I D E R 6 and by the authors 7- 8. 

The principal advantage arising from the KEA is 
that the relaxation times are expressed in a natural 
way in terms of collision integrals similar to those 
obtained in describing transport processes in poly-
atomic gases. Other advantages accrue as well: the 
approximations employed are manifestly physical in 
nature and are seldom made for mathematical con-
venience alone; no assumptions need be made re-
garding the "strength of the molecular collisions". 
Finally, it might be mentioned that the removal of 
all approximations made and the extension of the 
method in order to achieve greater accuracy is fairly 
straightforward. 

The present work deals with NMR in a gas of 
simple regular molecules in which the dominant re-
laxation process is that governed by the spin-rota-
tion interaction. The kinetic equation approach is 

4 R . F. SNIDER, J. Chem. Phys. 3 2 , 1 0 5 1 [ I 9 6 0 ] . 
5 L . W A L D M A N N , NUOVO C i m . 1 4 , 8 9 8 [ 1 9 5 9 ] ; Z . N a t u r -

forsch. 15a, 19 [ I 9 6 0 ] . 
6 F. M. CHEN and R . F. SNIDER, J. Chem. Phys. 46, 3937 

[ 1 9 6 7 ] ; 4 8 , 3 1 8 5 [1968] ; 5 0 , 4 0 8 2 [1969] . 
7 S. HESS, Z . Naturforsch. 23 a, 898 [1968] ; Physica 42, 633 

[1969 ] . 
8 S. HESS and F. R. MCCOURT, Chem. Phys. Letters 5, 53 

[ 1 9 7 0 ] . 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



utilized throughout. By simple regular molecules, it 
is meant that special emphasis will be given to mole-
cules having tetrahedral (e. g., CH4 , CF4) and octa-
hedral (e. g., SF6 , WF6) symmetries. Such mole-
cules have a rather complicated intramolecular Ha-
miltonian describing the internal states. However, 
many of the terms contained there are quite small 
and may be neglected in considering gas phase 
NMR. Those contributions which remain describe 
rigid rotation of the molecule (governing the Boltz-
mann distribution of rotational states), centrifugal 
distortion and the various spin-rotation, spin-spin 
and (for nuclear spins ^ 1) quadrupolar couplings. 
The three latter-mentioned terms provide the domi-
nant relaxation mechanisms. Centrifugal distortion 
and its role in NMR is not considered in this work. 
In addition to the intramolecular Hamiltonian, there 
are of course the usual nuclear and rotational terms 
which make up the Zeeman Hamiltonian. 

Section 2 of this paper is devoted to a discussion 
of the form taken by the spin-rotation coupling in 
simple regular molecules. The kinetic equation and 
resulting set of relaxation equations are treated in 
Section 3 while their solution for the NMR problem 
is given in Section 4. The fifth Section is devoted 
to a discussion of the collision integrals and a com-
parison of the present results with those of B L O O M , 

B R I D G E S a n d H A R D Y 9 , D O N G a n d B L O O M 1 0 a n d 

H U B B A R D N . 

2. The Form of the Spin-Rotation Interaction 

The spin-rotation coupling term for a regular 
molecule has the form 

^SR = ^ 2 s ( i ) - C ( l ' ) - J (2.1) 
i 

where the summation over i runs over all nuclei 
situated at equivalent positions in the molecule and 
where S^ and C ^ represent the individual nuclear 
spin operator and the spin-rotation coupling tensor 
at the ith position in the molecule while J is the 
rotational angular momentum of the molecule. Now, 
if ßi represents a unit vector along the bond-axis 
joining the ith nucleus to the central nucleus (as-
sumed spinless), the spin-rotation tensor C « can 
be written in the form 

C « = c\\eiei + ci(V-eiei) (2.2) 

9 M . B L O O M , F . BRIDGES , a n d W . N . H A R D Y , C a n . J . P h y s . 
45, 3533 [1967 ] . 
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where U is the second rank isotropic ("unit") ten-
sor having as components = . Expression (2.2) 
can be rewritten in terms of irreducible Cartesian 
tensors as 

C ^ = c V + A c ' e i e i . (2.3) 

Here c is the average spin-rotation coupling (or the 
"scalar" coupling) c = J(c|| + 2 C_L) and Ac = c\\ — c_|. 
represents the anisotropy of the spin-rotation cou-
pling tensor: eiCi = e-tei — AU is a second rank 
irreducible tensor (symmetric and traceless). 

As the only regular molecules actually occurring 
are those with tetrahedral and octahedral symmetry, 
it is useful to consider these two geometries expli-
citly. For tetrahedral molecules, 'HQR has the form 

| ^ S R = c i s « - J + Z l c i s ( O . ^ . J . (2.4) 
n i=l i = i 

However, this form is not entirely convenient as it 
does not show explicitly how the molecular sym-
metry enters the problem. As only those terms which 
are unchanged by the operations of the molecular 
symmetry group, here T<j, can enter into the Hamil-
tonian, it is best to rewrite Eq. (2.4) in a manner 
which displays this symmetry. This can be achieved 
by examining the form taken by the irreducible re-
presentations of T& (see, e. g., Ref. 12) and by tak-

4 

ing into account the relation 2 Cj C; = 0 which 
i=1 

holds for tetrahedral molecules. The ensuing result 
is 

T̂ sr = CI• J + Ac • (eTc! + e7e3) J 
+ (e2 e2 + e3 e3) J 
+ U W - ( e ^ e 1 + e 7 e 2 ) - J } (2.5) 

where I and the I® ( i = 1, 2, 3) are defined by 

1 = 2 8®, I « = S « - 8 ® + 8 ® - 8<4> , 
i = 1 

1(2) = _ s ( l ) + g(2) + S(3) _ s(4)? ( 2 . 6 ) 

1(3) = S (1) + S (2)_S (3)_S (4)_ 

Equation (2.5) can be written formally as 

~-TlSR = cl-J + Acr-J (2.7) 

11 P. S. HUBBARD, Phys. Rev. 131 ,1155 [1963] . 
1 2 C . H . A N D E R S O N a n d N . F . RAMSEY , P h y s . R e v . 1 4 9 , 1 4 

[1966] . 



with I' defined by 

= i { i m . + ^ 3 ) +1(2). (e2~e2 + + i m • + } . (2.8) 

Note that this expressions for I ' is symmetric to rotations about the " 4 " axis *. 
Expression ( 2 . 7 ) is identical to that obtained by A N D E R S O N and R A M S A Y 12 as corrected by Y L , O Z I E R 

and A N D E R S O N 13. It is possible to reduce this expression to a still simpler form by utilizing further 
4 

the molecular symmetry. This is accomplished by using the relation 2 = 0 to replace the pairs of 
i—1 

second rank irreducible tensors which accompany I ® and I ® in Eq. (2.8) by the corresponding 

expressions containing C4 e 4 . Thus I ' becomes 
( I « + 1 ( 2 ) + I V ) • E ^ E 4 - • E 7 E 2 - • - ^ • E ^ E 3 . ( 2 . 9 ) 

If the " 4 " axis is chosen as the privileged axis so 
that the K quantum number is defined by the oper-
ator / j (the z-component of J in the molecular re-
ference frame), then the latter three terms of expres-
sion (2.9) represent spin-rotation coupling terms 
which have off-diagonal matrix elements in the K 
quantum numbers. Were it not for the presence of 
the centrifugal stretching term in the Hamiltonian, 
these matrices would therefore mix the tetrahedral 
symmetry states for total spin 7 = 2 , 1 and 0 and the 
full expression (2.9) would have to be used in treat-
ing the NMR of tetrahedral molecules. However, 
due to the magnitude of the splitting of the total I 
symmetry states caused by the centrifugal distortion 
term, the aforementioned off-diagonal matrices can 
be safely neglected for the purposes of the present 
treatment (for a fairly detailed discussion of this 
see, e. g., Ref. 1 0) . Hence, the form finally taken by 
I ' for this problem is 

r= Ue 4 (2.10) 

where I is given by 

I = i « + r 2 > + m = « w + s ® + g ® - 3 « w . 
(2.11) 

With this result, the spin-rotation coupling becomes 
simply 

1 
h W s R = c I - J - i J c I - C 4 C 4 - J . ( 2 . 1 2 ) 

In studying gas phase NMR, one further simplifi-
cation is possible. Classically speaking, this involves 
taking an average over the rotational motion of the 
molecule for a given value of / or, quantum me-
chanically, retaining only that part of the operator 

e 4 e 4 which is diagonal with respect to the rotatio-
nal quantum number, i. e., 

(e4 e4-J)diag = a J 
and a = ( / f 2 — J / 2 ) / / 2 where / f (having eigenvalue 
K) is the component of J along the molecular figure 
axis, here taken to be <?4 . When this has been done, 
Eq. (2.12) is replaced by 

j.7iSR = cl-J-^AcI-(aJ) (2.13) 

and it is this form of the spin-rotation coupling 
which will be employed in the present description 
of gas phase NMR. 

For octahedral molecules, !HSR is given by 

i ^ S R = I s « - C « - J . (2.14) 

The highly symmetric structure of the molecule al-
lows an immediate replacement of the summation 
from 1 to 6 by a summation from — 3 to + 3 (ex-
cluding zero) and then the spin-rotation interaction 
takes the form 

i VSR = cI-J + Acj,1(i) • eTci (2.15) 
n t=i 

where the spin operators I and are given in this 
case by 

+ 3 

1 = 2 ' s ( 1 ) , I ( i ) = s ( i ) + (2.16) i=—3 

Again, utilizing the molecular symmetry further to-
3 r , 

gether with the relation 2 = 0 which holds for 
i=1 

octahedral molecules, Eq. (2.15) can be brought 

* The explicit forms of the /(») in Eps. (2.6) are required in 
order to see this symmetry property. 

1 3 P . - N . Y i , I . OZIER , a n d C . H . A N D E R S O N , P h y s . R e v . 1 6 5 , 
9 2 [ 1 9 6 8 ] . 



Tetrahedral Molecules Octahedral Molecules 

+ i h 

[Iß, /?>] -
[ / „ , Iv] _ = i 

/ „ ] _ = 3 i e^x lx 

[ /«» /l^] _ —iSßvX 

Um h] - = i h. 

Table 1. Commutation relations for the nucler spin operators. 

into a form equivalent to (2.7) where now the " 3 " 
axis plays the same role as the " 4 " axis in Eq. (2.7). 
Thus, the spin-rotation interaction takes the form of 
Eq. (2 .12) , viz., 

±TlSR = cLJ-i/lcie^e3-J (2.17) 

with I defined in this case by 

1 = 1 ^ + 1 ^ + 1 ^ . (2.18) 

An entirely analogous equation to (2.13) can be 
obtained from Eq. (2.17) where now Jr represents 
the projection of J on the " 3 " axis. 

It is worth remarking that if I is defined in terms 
of its square and its commutation relations with it-
self and with I (see Table 1), the Hamiltonian (2.13) 
so obtained is independent of the particle labeling 
and / j can be defined as the projection of J on an 
arbitrary molecule-fixed direction. 

3. The Relaxation Equations 

A description of NMR is afforded by the equation 
of motion of the nuclear spin polarization ( I ) . In 
general, the polarization (A)(r,t) of any operator 
A (p, J, I, I ) is defined as 

n (A)(r,t) = Tt f f A(p, J, I, I) dp (3.1) 

where / is the distribution function-density matrix 
for the gas and which depends upon position V, 
time t, linear momentum p, and on the rotational 
and nuclear spin angular momentum operators, J, 
I and I. The symbol Tr designates a trace over all 
rotational and nuclear spin states. 

In polyatomic gases, the distribution function / 
is governed by the Waldmann-Snider equation which, 
like its noble gas analogue, the Boltzmann equation, 
is a nonlinear integro-differential equation. For situ-
ations in which / describes only a slight deviation 

of the system from equilibrium, this nonlinear equa 
tion can be replaced by a linearized version. Mösl 
cases of interest and in particular, NMR in gases, 
fall into this category. That there is only a slight 
deviation from equilibrium means that / can be 
written as 

/ = H / ( 0 ) , ( ! + # ) ] + (3.2) 

where, in general, the anticommutator of f ^ with 
(1 + 0 ) is required since the perturbation function 
4> need not commute with the equilibrium distribu-
tion function It is important to note that in this 
case, in contrast to the situation occurring in trans-
port theory, it is necessary to retain in the com-
plete Hamiltonian for internal states since otherwise 
the decay of the polarization to its true equilibrium 
value would not be obtained. The equilibrium dis-
tribution function f ^ has the form 

= n(2 TI M K T) exp P 
2mkT k T 

(3.3) 

Advantage can be taken of the fact that JAgR and 
Hzeeman a r e very small compared with k T for all 
gas temperatures and for all field strengths nor-
mally employed in experiments on NMR in gases. 
This fact allows an expansion of the exponential 
factors containing J A a n d !Hzeeman to be made; no 
higher terms than first order ones need be retained. 
With this, Eq. (3.2) for / can be replaced by 

/ = /<, ! + <£ WsR±?*Ze 
kT (3.4) 

where now /0 is simply given by 

j ^ n { 2 7 i m k T ) - ^ Qo ^ exp ! P- _ -Hrot \ 
2 mkT kT j 

(3.5) 

with Q0 , the partition function for rotational states, 
defined as ()0 = Tr exp{ — !Hrot/A; T} . 



Linearization of the Waldmann-Snider equation 
proceeds in the standard way 14, 6 and need not be 
described here. The end result, the linearized Wald-
mann-Snider equation is, for a spatially homogene-
ous gas, 

^ y — T^ [TfsR? - ~ CHzeeman, -

+ c o ( t f> )=0 . (3.6) 

The commutators containing TisR a n d ^Zeeman de-
scribe the influence of the spin-rotation coupling 
and the externally applied magnetic field, respec-
tively, on the distribution function, while the quan-
tity co is a positive definite (super) operator repre-
senting the effect of binary collisions in the gas. 
The specific form of to is not required for the con-
siderations given at this moment but is, of course, 
neseccary for the calculation of numerical results. 
Suffice it to say at this point that co is bilinear in 
the transition amplitude a (or, equivalently, in the 
transition operator t) describing a binary collision 
and that the functional dependence is rather more 
complicated than the simple differential cross section 
which appears in the noble gas theory. The precise 
form of OJ will be given in Section 5. 

For NMR, the Zeeman Hamiltonian has the form 

-fc^Zeeman = ty h'I + COj H'J (3.7) 

where CO/ and CJOJ are the precession frequencies 
co /= — gi LIN H/h and CJOJ= — gTOt H/h with gi, 
gTOt and jUtf being the nuclear and rotational ^-fac-
tors and the nuclear magneton, respectively, while H 
is the magnitude of the applied magnetic field 

H = Hh. 

As has already beeen mentioned, NMR is de-
scribed by the Bloch equation, i. e., the equation of 
motion of the nuclear magnetization, which is pro-
portional to the nuclear spin polarization ( I ) . The 
equation of motion for ( I ) is obtained in a natural 
way from the linearized Waldmann-Snider equation 
by expanding the perturbation function in terms 
of I, I and J and utilizing the moment method 15. 
Quantities which are dependent on J must also be 
considered since the nuclear spin I is, for all practi-

1 4 F . R . M C C O U R T a n d R . F . SNIDER , J . C h e m . P h y s . 4 1 , 3 1 8 5 
[ 1 9 6 4 ] ; 4 6 , 2 3 8 7 [ 1 9 6 7 ] ; 4 7 , 4 1 1 7 [ 1 9 6 7 ] . - S . HESS a n d 
L . W A L D M A N N , Z . N a t u r f o r s c h . 2 1 a , 1 5 2 9 [ 1 9 6 6 ] ; 2 3 a , 
1 8 9 3 [ 1 9 6 8 ] , - H . H . R A U M a n d W . E . KÖHLER, Z . N a t u r -
f o r s c h . 2 5 a, 1 1 7 8 [ 1 9 7 0 ] . 

cal purposes, unaffected by molecular collisions. The 
mechanism by which the spin polarization relaxes 
is a relaxation of the simultaneous polarization of I 
and J by molecular collisions, this being communi-
cated to ( I ) by means of the spin-rotating coupling. 
The form which the requisite expansion of 0 must 
take is, to lowest order, dictated by the moment 
method and the specific form of the internal state 
Hamiltonian. In the case under consideration, re-
laxation through spin-rotation coupling and where c 
and Ac are small compared with a typical J-chang-
ing collision frequency, the expansion for takes 
the form 

& = I b+jl:b + aji:h. (3.8) 

In this expansion b, b and b represent the devia-
tions of the polarizations of I , I J and a I J from 
their equilibrium values. Explicitly b, b and b are 
given by (see also, e. g., Ref. 6) 

b = 3 ( ( I ) - ( I ) e q ) / ( / 2 ) o , 
b = 9 ( ( I J ) — ( I J ) e q ) / ( / 2 / 2 ) o 5 (3.9) 
b =9((f aJ) — (1 aJ)eq)/(/2 a2 J2)0 . 

where 
{I2a2J2)0= ~ (7 2 ( / 2 - f ) ) 0 . 

These results are for the "high temperature approxi-
mation" 6 ' 1 6 ; note, however, that this high tempera-
ture approximation is quite valid for gas phase 
NMR even at liquid nitrogen temperature. 

Now, forming moments by bringing in each of 
the expansion tensors of (3.8) and taking the 
"scalar product" (i. e., integration over d p and 
traces over all quantum states) with the equilibrium 
distribution function / 0 , a set of relaxation equa-
tions is obtained from Eq. (3 .6) , viz., 

3* » c \ y / o e - 0 + i^c 3 (/2)0 e D 

— co,hxb = 0, (3.10) 
3b 

+ c £ b + o j / £ : f t b - cojbeh + cocoU b = 0 , 

3b" ~ ^ — % Ac e b + co/e.hb - OJ, b e h + ajcoll b = 0 . 
The results given here are a straightforward gen-

eralization of those of C H E N and S N I D E R 6 for the 

15 L. WALDMANN, Transporterscheinungen in Gasen von mitt-
lerem Druck, in Handb. der Physik, ed. S. FLÜGGE (Sprin-
ger-Verlag, Berlin 1958); Z. Naturforsch. 18 a, 1033 [1964]. 

16 A. ABRAGAM, Principles of Magnetic Resonance, Oxford 
University Press, London 1961. 



diatomic gas, the major differences being the ap-
pearance of the Ac term in the first of Eqs. (3 .10) 
and the third equation for b (which does not ap-
pear in the case of a diatomic gas) . The quantities 
£Ocon and 0>coii in these equations are characteristic 
relaxation frequencies determined by the collision 
operator and given by 

c o c o l l = ( I J : a > ( J I ) ) 0 / < / 2 / 2 ) o , (3 .11) 

« c o l l =(aiJ : co(aJi) } 0 / < / 2 a 2 / 2 ) 0 • (3 .12) 

Explicit expressions for these collision integrals will 
be given in Section 5. 

All that is required now is the elimination of the 
second rank tensors b and b from the relaxation 
equation for b, thereby obtaining the Bloch equation 
for the nuclear spin polarization. This is undertaken 
in the following section. 

4. The Bloch Equation 

The simplest procedure which can be used in 
solving Eqs. (3.10) is that in which b and b are 
taken to be constant in a coordinate system which 
rotates with b. Such a procedure results in a Lo-
rentzian approximation for the line-shape. The time 
derivatives of b and b are in this approximation 
given by 

3b =coj(hxb-bxh),~ =a)I(hxb-bxh), 
31 

(4.1) 
so that the latter two of Eqs. (3 .10) become 
(a), - coj) b e h + ce b + cocoll b = 0 , 
(co/ - wj) b • e • h - \ Ac e • b + cöcoll b = 0 . (4.2) 

These equations can be solved by expanding b 

and b in terms of a closed set of second rank ten-
sors. Thus b and b are written as 6 

b - e . $ « > , b = | (4.3) 
i = 0 i = 0 

where 
= U, = h e, £(2)= £(1) • = h h - U. 

(4 .4) 
Substituting these expansions into Eqs. (4 .2 ) , solv-
ing the resulting equations for the and £i and 
then introducing the solutions so obtained for b and 
b into the first of Eqs. (3 .10) results in the Bloch 
equation for ( I ) . This Bloch equation can be writ-
ten formally as 

y +?,^flx(l)+toSR-((i)-(ig=o 
(4.5) 

where the second rank tensor coSR describing the re-
laxation process is given by 

^ S R = i c 2 ( / 2 ) 0 

+ («coli 
4 lAcY q 

45 \ c J 4 Wcoll 

2 i ^ r l K U - f c h ) 

2i+-y>hh + 
i 

CV-hh) | 

< ( / 2 - l ) /2>0 

(4.6) 

where <p = co/a)co li, ^ = co/cöcou, a) = a>i — a)j and q is the ratio q = / 72X /72N 
\J /0 v /o 

For gases where the molecules are predominantly in rotational states with / > 2, q can be approximated 
by q^ { / 2 ) 0 / ( / 2 ) 0 . From this last equation, the relaxation times 7\ and T2 and the chemical shift o are 
immediately obtained as 

f = ! c 2 ( / 2 ) 
0 1 cucoll 1 + 9?2 

1 

+ 45 
AcV 

5c2(J2)O L c o 1 1 ( 1 + l + < p * j + 45 \Ac) 4 cDcon 

c I 4 (uCoii 1 + 9?-
4 ley- q 1 + l + ?>2 

and 

V ' 0 j « co l i 1 + 9?2 45 
q <p 

4 « c o n 1 + q ? 

In the extreme narrowing limit when cp 1, cjp 1, 7\ and T2 are equal and given by 

1 = 1 = 1- = — r21I2 \ 
Tt T2 T 3 v 

1 ^ 4 lAcy 
Wcoii 45 

* A 
4 a>coll I 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

These results apply both to tetrahedral and to has the value 3 while in the latter it has the value 2 
octahedral molecules: in the former case the ratio q ( for values of / > 2 ) . The expressions obtained here 



can be compared to the results given by B L O O M , 

B R I D G E S and H A R D Y 9and by B L I C H A R S K I 17 for 
tetrahedral molecules. If the expressions given here 
are evaluated for a single spin, as in CHD3 , then 
the factors reduce to those obtained by the afore-
mentioned authors. However, no attempt was made 
there to take into acount the equivalent nuclei in the 
tetrahedral structure and hence their expression dif-
fers from those given here by the factor 3/4 arising 
from ^r/4. Thus, in the extreme narrowing limit l/T 
is, for tetrahedral molecules, 

1 2 2 / 7 2 , f 1 . 1 (Ac\2 1 1 . 

5. The Collision Integrals 

The general form of the collision operator co has 
been given by W A L D M A N N 3 and by S N I D E R 4 and 
as such need not be repeated here. Of particular in-
terest are the collision integrals wCol l a n d &>coll aP~ 
pearing in Eq. (4.6) and defined by Eqs. (3.11) 
and (3.12) . As these are both diagonal collision in-
tegrals, they can be written in the form 18 

{ 0 co ( 0 ) }0 = „ 0 - i mr* Tr { / 0 /0 1 0ä(aH0 + 01) 
- « T + ^ V ) } , (5.1) 

where the subscript " 1 " denotes the colliding part-
ner in a binary collision, mT is the reduced mass of 
the colliding pair, ä essentially the scattering am-
plitude multiplied by a delta function with respect 
to the (total) energy18 and Tr denotes the com-
bined operation of a trace over all quantum states 
together with integration over the linear momenta 
of both colliding partners after a collision and their 
relative momentum before the collision (the trivial 
integration over the total momentum has already 
been performed). The primes appearing on 0' and 
0 { in Eq. (5.1) indicate that these quantities are 
the same function of the linear momenta before a 
collision that 0 and 0X are after; ä and a f are, of 
course, also functions of the primed variables as 
well as of the unprimed ones. 

As both coCO]i and c5C0n have 0's which are in-
dependent of the linear momenta, Eq. (5.1) as-
sumes for them the especially simple form 

(0 co ( 0 ) ) o = no"1 m~2 Tr { / 0 /01 0 ä [a\ 0 

+ (5-2) 

17 J. S. BLICHARSKI, Physica 3 9 , 1 6 1 [1968 ] . 
1 8 S. HESS, Z . Naturforsch. 25 a, 350 [1970] . 

Now, if the particular forms of 0 are examined 
and the fact that the nuclear spin operators I and I 
are essentially unaffected by molecular collisions is 
taken into account, the expressions for £oCoii and 
coC0u of Eqs. (3.11) and (3.12) become 

^coii = ^o _ 1 Tr { / „ f01J-ä[af, J ] _ } / ( / 2 } 0 (5.3) 
and 

ö>coii = 454"°72 ̂  Tr { / 0 f01aJ-ä[af,aJ]_). 
(5.4) 

Equations (5.3) and (5.4) show explicitly how cocou 
and ö>coii differ: the collision integral wCoii contains, 
in addition to J , the quantity a = (K2 - iJ2)/J2. If 
now, the only collisions occurring are those in which 
the angle between the molecular figure axis and the 
direction of J remains unchanged (K2/J2 = const), 
the summation over the quantum number K can be 
performed and <5C0n = co co l l . 

It is worth remarking that if cocoii and c5Coii are 
expressed in terms of effective cross sections as 

^coll = "o c0 °eff 5 ^coll = "o c0°"eff (5.5) 

where c0 is the thermal velocity c0 = [8 k Tjn mTY!t, 
then oeff represents a cross section for changes in J 
during a collision while o e f f represents a cross 
section which includes an explicit dependence on 
changes in the angle between J and the figure axis. 

Measurements of the Bloch relaxation times un-
der conditions of magnetic field strength and pres-
sure for which cp and cp are not small compared to 
unity, i. e., when "extreme narrowing" no longer 
applies, would allow the determination of both cocon 
and dicoii since there Tx and T2 are no longer equal. 
Such a procedure has been used by H A R D Y 19 to de-
termine the relaxation times associated with the 
spin-rotation and dipolar couplings in H2 . 

Ideally speaking, the collision integrals (5.3) and 
(5.4) should now be evaluated for the regular mole-
cules of interest. If this were done and sufficiently 
accurate values of c obtained from molecular beam 
measurements, a value of \dc\ could be calculated 
from Tx or T2 data in the extreme narrowing limit. 
At the present moment, unfortunately, there are no 
collisional calculations available for tetrahedral or 
octahedral molecules. For a discussion of the colli-
sion theory for non-spherical molecules e. g. see 

1 9 W . N . H A R D Y , C a n . J . P h y s . 4 4 , 2 6 5 [ 1 9 6 6 ] . 



Ref. 20. An alternative procedure, more experimen-
tal in nature, would be to calculate theoretically the 
ratio between ojcou and c5C0n and then use the low 
density Tx and To measurements to obtain experi-
mental values for | Ac ] and cocon • 

At the present moment, it is still possible to vary 
parameters in the manner introduced by B L O O M , 

B R I D G E S and H A R D Y 9 and employed rather success-
fully by D O N G and B L O O M 10. In this procedure, 
physical reasoning is employed in order to estimate 
the ratio of the two collision integrals and then a 
"best fit" to the minimum in the Tx versus density 
curve is obtained by varying \ Ac | (with c obtained 
from molecular beam measurements). The same can 
be done here. If this is done, e. g., for methane then, 
due to the presence of the additional factors arising 
from the explicit consideration of the four equi-
valent proton spins in the molecule, the "best fit" 
value obtained for \Ac] is not 18.2 kHz but rather 
2 1 . 0 kHz. D O N G and B L O O M 10 note that the value 
18.2 kHz is the more definitive one as obtained from 
the molecular beam NMR measurements reported at 
an APS conference21 in 1967 but there does not 
seem to be a strong reason for believing so since 
the value 21.0 kHz was obtained not only in the 
earlier work of A N D E R S O N and R A M S E Y 12 but also 
by O Z I E R , C R A P O and L E E 22 at a later date. Further-
more, the value of 21.0 kHz seems to have been 
confirmed by B L O O M and D O R O T H Y 23. On the other 
hand, it was carefully pointed out by D O N G and 
B L O O M that the value 1 8 . 2 kHz obtained by them 
could not actually be considered as definitive since 
they could also obtain a "best fit" for | zlc ! having 
the value 21.0 kHz by choosing the ratio of the cor-
relation times to be slightly different from unity, 
viz., 0.86. They tended, however, to feel that the 
"equal correlation time" approximation gave the 
more reliable result. 

Another approach to the problem can be attempt-
ed by looking more closely at the kinetic theory end. 
It is possible to attempt to relate the collision inte-
grals occurring in Eq. (4.11) to those measured in 
the Senftleben-Beenakker effects. A check can be 
made of the validity of the approximations involved 
in such an approach if a molecule of the same sym-

metry is available for which both c and | Ac j are 
accurately known. This will be carried out here for 
CH4 . In particular, it will be convenient to con-
sider the case when a>con = d>con (in lieu of measure-
ments of both Tx and T2 in the non-extreme-narrow-
ing regime). A strongly meaningful calculation is 
still somewhat frustrated, however, by the unavail-
ability of measurements of the Senftleben-Beenakker 
effect for the shear viscosity of mixtures of regular 
molecules with the noble gases since it is the colli-
sion bracket obtained there rather than that obtain-
ed from the measurements in the pure gas which is 
analogous to those occurring in NMR. Nonetheless, 
an attempt can be made by utilizing the ratios as 
obtained using the rough sphere model — these will 
still give the qualitative picture. 

For the rough sphere model a>con is given by 

w?oii=8no(* + l ) Qi (5-6) 
where x is the dimensionless moment of inertia 
parameter x = 4 I/mo2 (m and o are the mass and 
diameter associated with the molecule under con-
sideration) and Qt = O2(TZ k T/m)1'1 (x + 1) ~2. The 
collision integral occurring in the Senftleben-Been-
akker shear viscosity measurements is that for the 
tensor polarization relaxation 18, <x>j, which is 24 

< 4 S = T " O ( 1 0 * + 3 ) Q t . ( 5 . 7 ) 

Molecule X RRS 

CH4 0.050 1.80 
CF4 0.184 1.47 
SiF4 0.182 1.47 
SF6 0.195 1.45 Table 2. 

Some values of x and rRS-

The ratio of these collision integrals is denoted by 
TRS and is, therefore, 

= = ( 5 . 8 ) 

(values of this ratio for a number of typical regular 
molecules appear in Table 2). If it is assumed that 
this ratio remains unchanged in passing from the 
rough sphere model to a realistic collision model, 
then the quantity (72) 0/a>colI appearing in Eq. (4.11) 

2 0 S . HESS a n d W . E . K Ö H L E R , Z . N a t u r f o r s c h . 2 3 a , 1 9 0 3 
[ 1 9 6 8 ] . — W . E . K Ö H L E R . S . H E S S , a n d L . W A L D M A N N , 
Z . N a t u r f o r s c h . 2 5 a, 336 [ 1 9 7 0 ] . 

2 1 P . - N . Y i , I . OZIER , A . K H O S L A , a n d N . F . R A M S E Y , B u l l . 
Amer. Phys. Soc. 12, 509 [1967]. 

2 2 I . OZIER, L . M . CRAPO , a n d S . S . LEE , P h y s . R e v . 1 7 2 , 6 3 
[1968], 

2 3 M . B L O O M a n d R . G . D O R O T H Y , C a n . J . P h y s . 4 5 , 3 4 1 1 
[1967], 

2 4 H . M O R A A L , F . R . M C C O U R T , a n d H . F . P . K N A A P , P h y s i c a 
45 ,455 [1969]. 



can be replaced by the corresponding tensor polari-
zation relaxation coefficient (<Or)mix as 

</2>0 „ 2</g( /*-3) )o } 

«coll 3/-RS (cur) mix 
Now, evaluating (J2(J2 — f ) ) 0 in the classical limit 
for which 

< / 2 ( / 2 - ! ) ) o ^ < / 4 ) o = | r ( 3 ) = 2 | (5.10) 

where © is the characteristic rotational temperature 
for the molecule (for CH4 , Q = 7.8 ° K ) and utiliz-
ing the rough sphere model once again to get 
(co r) 

mix — pure gas» T\ is given (in the extreme 
narrowing limit) through 

For CH4 , the value of coT — — n0 [ oloo] where 
— [ 8l8o] is obtained from the work of H U L S M A N 

et al. 25 as 1.40 x 1 0 - 1 0 cm3 s - 1 is, at one atmo-
sphere, given by coj = 3.75 x 109 s _ 1 and this, to-
gether with the values c = 10.4 kHz and | Ac | = 21.0 
kHz given by OziER, C R A P O and L E E 22 leads to a 
value of of approximately 14 ms which value 
should be compared with the value of about 21 ms 
obtained from Fig. 1 of Ref. 10. The agreement is 
quite good considering the crudity of the rough 
sphere model which has been employed in this cal-
culation. There are a number of possible empirical 
refinements which could be attempted but none of 
these seem very promising in view of the fact that 
accurate measurements are not currently available 
for many of the regular molecules which could be 
of interest. 

Finally, a comparison of the results found here 
for Tx and T2 with those of other authors should be 

2 5 H . H U L S M A N , E . J. V A N W A A S D I J K , A . L . J . BURGMANS, 
H. F. P. KNAAP, and J. J. M. BEENAKKER, Physica, in press. 

made. Prior to the treatment of the spin-rotation 
coupling in regular molecules given by A N D E R S O N 

and R A M S E Y 12, it had been assumed that the mole-
cular symmetry in effect played no role in determin-
ing the final form taken by the relaxation times. The 
neglect of the role of molecular symmetry even led 
G O R D O N to an incorrect conclusion that for regular 
molecules, c\\ and c± are (accidentally) equal and 
resulted in H U B B A R D 11 and B L I C H A R S K I 27 (see also 
17) obtaining an incorrect expression for the effective 
spin-rotation coupling constant. Furthermore, they 
maintain that their result is valid for all regular 
molecules! That this is not so is illustrated in this 
work where the ratio q is 3 for tetrahedral molecu-
les and 2 for octahedral molecules. With the advent 
of precise measurements of both Tt and T2 in the 
low-density regime, there will be much promise in 
pursuing these studies further in the hope of being 
able to extract definitive information about the re-
orientation collision integrals in gases of regular 
molecules and in determining reliable values of 
| Ac [ for octahedral molecules such as SF 6 , MoF6 

and WF e in the gas phase. 
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